We present simple examples of a realcompact zerodimensional space which is not Ar-compact and an N-compact space which is not strongly zerodimensional.
The construction.
Consider an arbitrary separable metric space X of cardinality c. Let D be an arbitrary countable dense subset of X. For every subset A of D with |clx A n clx(-D -A)| = c choose a point Xa in clx A n clx(L> -A) in such a way that xa / xa1 whenever A ■£ A'. Moreover, for every x from X -D let S(x) be a sequence in D converging to x such that if x = xa for some A G D then both A and D -A contain infinitely many points from S(x). Define a new topology on X by agreeing that all points from D are isolated and neighborhoods of x G X -D contain all but finitely many points from S(x). Denote the obtained space by X*.
The topology of X* is finer than that of X and has a base consisting of clopen countable compact sets. It follows that X* is a realcompact (cf. [4, Chapters 8.18 and 15.24]) zerodimensional locally countable and locally compact space. Clearly the set D is dense in X*. The following is the crucial property of X*: (*) if U is a clopen subset of X* then its boundary in X has cardinality less than c. EXAMPLE 1. Let X be the Euclidean plane. We prove that the realcompact zerodimensional space X* is not A-compact.
To this end, observe that if U is a subset of the Euclidean plane with a small boundary, i.e. |clx U fl clx(X -U)\ < c, then either clxU = X and \X -U] < c or clx(X -U)=X and \U\ < c. This and property (*) imply that the family t\ = {U GX: U is clopen in X* and \X -U\ < c} forms a clopen ultrafilter on X* with the countable intersection property.
Since every point from X* has a countable clopen neighborhood, the ultrafilter f has an empty intersection. EXAMPLE 2. Let X be the subspace of the separable Hubert space (¿2, || ■ ||) consisting of all points with rational coordinates. We prove that X* is ./V-compact but not strongly zerodimensional.
To see the former, consider an arbitrary clopen ultrafilter £ on X* with the countable intersection property. The family n = {U G £,: U is clopen in X} forms a clopen ultrafilter on X with the countable intersection property.
Since X is a Lindelöf space there is a point x in f)n. Notice that every point in X is the intersection of countably many clopen subsets of X. Hence {x} is the intersection of countably many members of £ and, therefore, x G f) £.
To see that X* is not strongly zerodimensional, it suffices to observe (compare [3, Example 6.2.19] ) that every subset of X containing the closed set Z¡ = {x G X: ||x|| < 1} and disjoint from the closed set Z2 = {x G X: ]\x\\ > 2} has a boundary of cardinality c. This and property (*) imply that the disjoint zerosets Zi and Z2 in X* cannot be separated by any clopen subset of X*.
REMARK. If we change the topology of X* from Example 1 by assuming that for a fixed point from X -D the neighborhood system consists of sets open in the Euclidean plane, then the resulting space is completely regular and scattered but not zerodimensional.
